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ERGODIC INVARIANT STATES AND IRREDUCIBLE 
REPRESENTATIONS OF CROSSED PRODUCT 
C*-ALGEBRAS 

HUICHI HUANG AND JIANCHAO WU 


Abstract. Motivated by reformulating Furstenberg’s xp, xq con¬ 
jecture via representations of a crossed product C*-algebra, we 
show that in a discrete C*-dynamical system (A, T), the space of 
(ergodic) T-invariant states on A is homeomorphic to a subspace of 
(pure) state space of A x T. Various applications of this in topolog¬ 
ical dynamical systems and representation theory are obtained. In 
particular, we prove that the classification of ergodic T-invariant 
regular Borel probability measures on a compact Hausdorff space 
X is equivalent to the classification a special type of irreducible 
representations of C(X) x T. 


1. Introduction 


Assume that p, q are two positive integers greater than 1 with 
irrational. 

H. Furstenberg gives the classification of closed xp, x q -invariant sub¬ 
sets of the unit circle T, which says such a set is either finite or T [3, 
Theorem IV. 1.]. He also gives the following conjecture concerning the 
classification of ergodic xp, x (/-invariant measures on T. 

Conjecture. [Furstenberg’s xp, xq conjecture] 

An ergodic xp, xq -invariant Borel probability measure on T is either 
finitely supported or the Lebesgue measure. 

Furstenberg’s conjecture is the simplest case of conjectures concern¬ 
ing classifications of invariant measures, and there are vast literatures 
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about its general versions and their applications in number theory. 
See @] for a survey. 


For Furstenberg’s conjecture, the best known result is the following 
theorem, which is proven by D. J. Rudolph under the assumption that 
p, q is coprime [lil Theorem 4.9.], later improved by A. S. A. Johnson [§, 
Theorem A], 

Theorem. [Rudolph-Johnson’s Theorem] 


If p is an ergodic xp, x(/-invariant measure on T, then either h p (T p ) = 
h^Tg) = 0 or p is the Lebesgue measure. 


Here h p (T p ) and h p (T q ) stand for the measure-theoretic entropy of xp 


and xq with respect to p respectively. See [l 8 |, Chapter 4] for the 


definition of entropy for measure preserving maps. 


For a xp, x (/-invariant measure on T, denote the two isometries on 
L 2 (T, p) induced by continuous maps xp, xq : T —>■ T by V p , V q . 

By Rudolph-Johnson’s Theorem, to classify ergodic xp, xg-invariant 
measures on T, it suffices to classify such ergodic measures with zero 
entropy for T p or T q . 

J. Cuntz notices that when h p (T p ) = h p (T q ) = 0, the operators V p and 
V q are two commuting unitary operators on L 2 (T, p) [Tf| Corollary 
4.14.3], 

For the unitary operator M z : L 2 (T, p) —$■ L 2 (T, p) given by M~f(z ) = 
zf(z ) for all / e L 2 (T, p) and z € T, one have V p M z = M P V P and 
V q M z = M^V q . So a xp, xq invariant measure p with zero entropy gives 
rise to a representation 7r M of the universal unital C Y *-algebra C*(s, t, z ) 
generated by three unitaries s, t and z with relations 

st = ts, sz = z p s, tz = z q t 

in the following way: 

?C0) = tp; 7T/x(0 = Vq, 7T p (z) = M z . 


With the above observation, Cuntz suggests that one can consider er¬ 
godic xp, xg-invariant measures on T via representations of C*(s, t, z ) = 
C*(7j[-V\) x 1? , where the two generators of Z 2 acts on C*( Z[A]) by 
automorphisms induced by xp, xq maps on [A] ; and the isomorphism 
$ : C*(s,t,z) —> C'*(Z[4-]) x Z 2 is given by $(s) = a, &(t) = b and 

4>(z) = 1. Here a = (1, 0) and b = (0,1) are in Z 2 and 1 is in Z[A] [ 3 ]]. 
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Motivated by Chi nt z’s observation, firstly one have to answer the fol¬ 
lowing question: 

what kind of representation of C*(fL[^\) x Z 2 is induced by a xp, xq- 
invariant measure on T? 

Denote the dual of Z[A] by S pq , the p (/-solenoid [l3|, A. 1]. The xp, xq 
isomorphisms on Z[A] give rise to xp, xq isomorphisms on Spq. 

We answer the above question in the following way. 

Firstly the space of ergodic xp, x (/-invariant measures on T is horne- 
omorphic to the space of ergodic xp, xq- invariant measures on S pq , 
hence the classification of ergodic xp, xq- invariant measures on T amounts 
to classification of ergodic xp, x g-invariant measures on S pq . Secondly 
ergodic xp, xq- invariant measures on S pq 1-1 corresponds to irreducible 
representations of C*(Z[A]) x Z 2 whose restriction to Z 2 contains the 
trivial representation. 

Moreover in a more general context, we prove the following which 
briefly shows how the problem of invariant states relates to crossed 
product (W-algebras. 

Assume that a discrete group Y acts on a unital C'*-algebra A as auto¬ 
morphisms. Denote this action by a, which is, a group homomorphism 
from T to the automorphism group Aut(A) of A. 

A state ip on A is T-invariant if p(a s (a)) = <p{a) for all s in Y and 
a in A. An extreme point of the set of T-invariant states on A 0 are 

called ergodic. 

Denote by A x Y the full crossed product of the C'*-dynamical system 

(AF ,a). 

Theorem 13. 21 The space of (ergodic) T-invariant states on A is home- 
omorphic to the space of (pure) states on A x Y whose restriction to Y 
is the trivial character. 

We give some applications of Theorem 13.21 to topological dynamical 
systems and representation theory. 

Suppose a discrete group Y acts on a compact ffausdorff space X as 
homeomorphisms (this is the same as Y acting on the unital (7*-algebra 
C(X), the space of continuous functions on A", by automorphisms). For 

Whis is a closed convex set when equipped with weak-* topology, hence when 
nonempty, the set of extreme points is also nonempty. 
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a representation 7r : C(X) x T — y B(H), denote the space of T-invariant 
vectors in H by Ily. 

Theorem 13.101 Every irreducible representation n of C(X) xi I on 
a Hilbert space H satisfies that dim Hy < 1. When dim Hy = 1, the 
representation 7r is uniquely induced by an ergodic F-invariant regular 
Borel probability measure p on X. 

A special case of Theorem 13.101 is the following. 

Corollarv l3.12l Suppose a discrete group T acts on a discrete abelian 
group G by group automorphisms. 

Every irreducible unitary representation 7r of G x T on a Hilbert space 
H satisfies that dim Hy < 1 . 

When dim Hy = 1 , the representation 7r is uniquely induced by an 
ergodic E-invariant regular Borel probability measure p on the Pon- 
tryagin dual G of G. 

The paper is organized as follows. 

In the preliminary section, we recall some background of crossed prod¬ 
uct C*-algebras. The proof of Theorem 13.21 is given in section 3.2. At 
the end of this section, we include two immediate applications of Theo¬ 
rem [3721 namely, Proposition 13.71 and Proposition 13.51 to C*-dynamical 
systems. In section 3.3, we show Theorem 13.91 and Theorem 13.101 In 
the last section we prove Theorem 14.21 which enables us to reformulate 
Furstenberg’s xp, xq problem in terms of representation theory of the 
semidirect product group Z[A] x Z 2 . 
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2. Preliminary 


In this section, we list some background for C'*-dynamical systems. 

Within this article T stands for a discrete group and A stands for a 
unital C*-algebra whose state space and pure state space are denoted 
by ,S(A) and P(A) respectively. 

Denote the GNS representation of A with respect to a ip E S'(A) by 
71 ^ : A —» B(L 2 (A, tp)) where L 2 (A,ip) stands for the Hilbert space 
corresponding to Let ^ = {06 A\ p(a*a) = 0}. Denote a + I v by 
a for all a G A. 


Definition 2.1. An action of T on A as automorphisms is a group 
homomorphism a : T —>■ Aut(A), where Aut(A) stands for the set of 
^-isomorphisms from A to A (this is a group under composition). We 
call (A, r, a ) a dynamical system. 


A T-invariant state is a state <p on A such that p(a s (a)) = p(a) for 


all s E T and a £ A 17 . Denote the set of T-invariant states on A 


by Sr (A). It is clear that Sr (A) is a convex closed set under weak-* 
topology. If Sr (A) is nonempty, then it contains at least one extreme 
point. We call an extreme point of Sr (A) an ergodic T -invariant 
state on A. The set of ergodic T-invariant states on A is denoted by 
Er(A). 


A representation of a (7*-algebra B on a Hilbert space H is a *- 
homomorphism 7r : B —y B(H) and it is called irreducible if the corn- 
mutant C(7t(B)) consisting of elements in B(H) commuting with every 
element in 7 t(B) are scalar multiples of identity operator. 


A covariant representation (71, U, H) of a dynamical system (A, T, a) 
consists of a representation tt of A and a unitary representation U of T 
on a Hilbert space H such that 


7r(o! s (a)) = U s 7r(a)U* 

for all a G A and s G T. 


Let C c (r, A) be the space of finitely supported A- valued functions on 
T. For /, g G C c {Y, A), the product f * g is given by 

f*9(t)= f(s 1 )a Sl (g(s 2 )) 

S\S2=t 
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and f* is given by 


m = MKt- 1 )*) 

for every t E V. Then C c (r, A) is a ^-algebra . Given a covariant repre¬ 
sentation ( 7 r, U, H) of a dynamical system (A, T, a), one can construct 
a representation of C c (Y, A) on H. 

Definition 2.2. For a dynamical system (A, F, a), the crossed prod¬ 
uct C*-algebra A x T is the completion of C c (T, A) under the norm 
||/|| = sup ||7r(/) || for f E C c (r,/L) where the supreme is taken over 
all representations of C c (T,A). Denote by u s the unitary in A xi T 
corresponding to an s E T. 

There is a one-one correspondence between representations of A x T 
and covariant representations of (2l,r,a). 

We refer readers to [3, Chapter VIII] for more about discrete crossed 
products. 


3. Main results 


3.1. Covariant representations of (A,T,o) induced by invariant 
states. 

If ip E Sr (A), then there is a unitary representation (the Koopman 
representation) U^, of T on L 2 (A, tp) given by 


U^(s)(a) = a s (a) 

for all s 6 T and a E A 12, 14, We give details below for com¬ 
pleteness. 

The representation is well-dehned since 

(1) For every a E I v , we have 

ip(a s (a)*a s (a)) = ip(a s (a*a)) = ip(a*a ) = 0 
for all s E T. 

(2) For every s E T, the map U^s) is surjective since its image is 
dense in L 2 (A , 99 ), and U^(s) is an isometry since for all a E A, 


(a s (a),a s (a)) = <£>(a s (a)*a! s (a)) = <p(a s (a*a)) = ip(a*a) = (a, a). 
So U v (s) is a unitary. 
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(3) U ¥ ,(st)(a) = a st (a) = U s (U t (a)) for all s,t E T and a E A. 

Hence is a unitary representation of T on L 2 (A , p). 

Furthermore we have the following. 

Lemma 3.1. Given a T-invariant state p on A, the triple U^, L 2 (A, p)) 
gives a covariant representation of (H, T,a). So there is a representa¬ 
tion of A x T on L 2 (A , p), which we denote by p^, given by 

Pip ( ^ ^ ^ ^ 

ser ser 

for any J] sGr a s n s 6 C c (T,A). 

Proof. For all a,b E A and s E T, we have 

U ¥ ,(s)(7r ¥ ,(a))U v (s _1 )(b) = U </ ,(s)(7r ¥ ,(a))((a s -i(&)) A ) 

= U ¥ ,(s)((aa s -i(b)) A ) = a s ((aa s -i(b)) A ) = (a s (a)a ss -i(b)) A 

= (a s (a)b) A = TT^(a s (a))(b). 

This completes the proof. □ 

3.2. T-invariant states on A and states on A x T. 

Denote {p E S(A x T) | p(u s ) = lforalls E T} by S' 1 (H x T) and 
{if E P(A x r)\if(u s ) = 1 for alls E T} by P 1 (A x T). 

We have the following. 

Theorem 3.2. When equipped with weak-* topologies, the restriction 
maps R : S'r(H) —» S' 1 (A x T) and R : E r (A) —> P l (A x T) are 
homoemorphisms. 

To prove this theorem, we hrst prove the following lemma which says 
that for every p in 5 1 (H x T), the restriction p\& belongs to S'r(H). 

Lemma 3.3. For any state p on A x T such that p(u s ) = 1 for 
every s E T, we have p(u s au t ) = p(a) for all a E A and s,t E T. 
Consequently the restriction p\& is a T-invariant state on A. 

Proof. The proof follows from [l|, Proposition 1.5.7.] since by assump¬ 
tion every u s is contained in the multiplicative domain of p. 

For convenience of readers, we give a direct proof which is also based 
on Cauchy-Schwarz inequality like [l], Proposition 1.5.7.]. 
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For all a G A and s,t G T, we have 

| p(u s au t ) - p{a) | < \p(u s au t ) - p{au t )\ + \p{au t ) - p(a)\ 
= \p{{u a - l)a« f )| + \p(a(u t - 1 ))| 

= | (au t , (u s — l)*)L 2 (Axir,v 3 ) I + I (^t — 15 a *)L 2 (Axii» I 
(Cauchy-Schwarz Inequality) 



(p(u t ) = 1 implies that p{{u t — 1 )(u t — 1)*) = 0 and p((u t — 1 )*(u t — 1)) = 0.) 
= 0 . 


□ 


It follows from Lemma 13.11 that for a T-invariant state p, there is a 
representation of A x Y on L 2 (A,p) given by 



for every Y s &r a s u s e C c (T, A). 

Proof. [Proof of Theorem 13.21 

By Lemma 13.31 the restriction map R : x T) —> Sr(A) given 

by R{p) = p\ a for every tp G S' 1 (A x T), is well-defined. Since A 
is a C Y *-subalgebra of A x T, the map R is continuous under weak-* 
topology. 

If R(<p i) = R(p 2 ) for Pii Pi £ *S' 1 (v4 x T), then pi(a) = p 2 (a) for all 
a G A. By Lemma 13.31 


pi(au s ) = p 2 (au s ) 


for all a G A and s G T. Since every element in C c {Y. A) is a linear 
combination of au s and C c fY, A) is a dense subspace of A x T. Hence 
p i = p 2 and R is injective. 

Moreover given a p G ,SY(A). By Lemma [3.11 p gives a representation 
p v of A x T on L 2 (A, p). Let p be the state of A x T given by (p)(b) = 
(p<p(b)( 1), 1) for all b G A x T. By the definition of p^, we see that 
p G S' 1 {A x T) and p\a = p- This shows the surjectivity of R. 

Above all R is a bijective continuous map between two compact Haus- 
dorff spaces S ' 1 (A x T) and S'r(A). Therefore A is a homeomorphism. 
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Note that R is an affine map between two convex spaces .S 1 (A x T) and 
S'r(-A), so the set of extreme points of S ' 1 (A x F) is homeomorphic to 
Er(A). 

Suppose that <p is an extreme point of S' 1 (.Ax T) and tp = A<pi + (1 — A )<^2 
for two states ip\,P 2 on A x T and some 0 < A < 1. Then 1 = 
p(u s ) = \<pi(u s ) + (1 — A )ip 2 (u s ) for every s G T. It follows that 
<Pi(u s ) = ip 2 (u s ) = 1, that is, ipi,p >2 G S' 1 (.A x T). Hence ip — <p\ — (p 2 
and ip is a pure state. □ 

For a character £ on F (a group homomorphism from T to T), denote 
{ip G S'(H x r)|y?(w s ) = £(s) for alls G T} by S^(A x T) and {ip G 
P{A x r)|(p(n s ) = £(s) for alls G T} by P^(A x T). 

For a representation of A x Y on a Hilbert space H, define = {x E 
H\tt(u s )(x) = £(s)x for alls G T}. 

We have the following improvement of Theorem 13.21 

Corollary 3.4. Let £ be a character on T. When equipped with 
weak-* topologies, S'r(H) = x T) and Er(A) = P^(A x T). 

Proof. By Theorem 13.21 Sr {A) = S' 1 (.A x T). Note that S 1 (A xT) = 
S^(A x T) (P 1 (A x T) = P^(A x T) follows) and the homeomor- 
phism is induced by the isomorphism A : A x T 4 A x T given by 
MJ2ser a s u s) = for a11 Y^ s er a s u s e C c (T,A). □ 

For a representation ir : A x T —* B(H ), denote {x G H\n(u s )(x) = 
x for all s G F} by 7/ r . 

Proposition 3.5. For a (7*-dynamical system (A., T, a), the following 
are equivalent. 

(1) The set S'r(A) is nonempty. 

(2) The canonical homomorphism C*(T) — y A x T is an embedding. 

(3) There exists a representation n : A x T —> B(H) such that 
Hr 7 ^ 0 , or equivalently, there exists a covariant representation 
( 7 r, U. H) of {A, T, a) such that U contains the trivial represen¬ 
tation of r. 

Proof (1) =► (2). 

Take a p G Sr (A). Let T act on C trivially. By the invariance, the 
map p : A —> C is a T-equivariant contractive completely positive map. 
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By a Exercise 4.1.4], there exists a contractive completely positive 
map p : A x T -)• C*(T) such that p{J2 s er a ^ u s) = p{ a s)u s . 

Immediately one can check that the composition of maps 

c*(r) ->• a x r ->■ c*( r) 

$ 

is the identity map. Hence the canonical homomorphism C*(r) —> 
A xi T is an embedding. 

( 2 ) => ( 1 ). 

By Theorem 13.21 it suffices to show S' 1 (H x T) is nonempty. 

Let 7To : T —y C be the trivial unitary representation of T on C. Then 
7 Tq is a state on (7*(r) such that n q(u s ) = 1 for every s E T. Note that 
C*(T) is a Banach subspace of A x T. By the Hahn-Banach Theorem, 
one can extend n 0 to a bounded linear functional p on A x T without 
changing its norm [2, Corollary 6.5] . Hence ||</?|| = 117T 0 11 = 1 = 7T 0 (1) = 
<^(1). So ip is a state on A x T |ll, Theorem 4.3.2], and satisfies that 
p(u s ) = 1 for all s G T. 

(1) =► (3). 

This is guaranteed by Lemma 13.11 

(3) =► (1). 

Take a unit vector x in Hr and define a state p on A x T by p(b) = 
(-7T (b)x,x) for all fcedxT. It follows that p E S 1 (A x T). □ 

Remark 3.6. The equivalence of (1) and (2) may be well-known. 
When A is commutative and T is locally compact, this is mentioned 
in 0 Remark 7.5]. To the best of our knowledge, it does not appear 
elsewhere in the literature. 

Notice that gives rise to an action of T on B(L 2 (A, p)), also denoted 
by a for convenience, defined by 

a,(T) = U^Tiys" 1 ) 

for every T E B(L 2 (A, p)) and s E T. 

Denote (T(i),i) by p(T) for all T E B(L 2 (A,p)). When p is a T- 
invariant state on A, it is also a T-invariant state on B(L 2 (A, p)) since 

p(a s (T)) = piU^TU^s- 1 )) = <u v ,(«)ru v ,(s- 1 )(i), i) 

= <ru v ,(«- 1 )(l), u v ,(s- 1 )(i)) = (T(i), i) = p ( t ) 

for all s E T. 
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We can also see that 

(3.A) a s (-K v {a)) = TT ip (a s (a )) 

for every a G A and s G T. 

We call a T G B(L 2 (A, p>)) is T-invariant if a s (T) = T for all s G T. 
Denote the set of T-invariant operators in R(L 2 (A, p)) by B(L 2 (A, p))r- 
Let 

71 ^ (A)' = {Te B(L 2 (A,p)) |T7T(p(a) = 71^(a)Tfor alia G A}. 

Proposition 3.7. A T-invariant state p on A is ergodic iff p(T*T) = 
| 9 ?(T)| 2 for every T € R(L 2 (A, <^)) r H 7^ (A)'. 

Proof. Recall that i? : S' 1 (A x T) —> Sr (A) is the restriction map. For 
p G Sr (A), denote by if. By Theorem 13.21 if is in S X (A xi T). 

Observe that B(L 2 (A, p)) r D 7t ¥ ,(A)' = 7ty(A xi T)'. 

Again by Theorem 13.21 the state p on A is an ergodic T-invariant state 
iff if is a pure state on A xi T iff 7 t^(A xi T)' = C. The “only if” part 
follows immediately. 

Now suppose p(T*T) = \p(T)\ 2 for every T ^ B(L 2 {A^p))y^A'k ip (A)' = 
7 r^(A xi T)'. A straightforward calculation shows that T(l) = p(T) 1. 
Then for every a G A, we have 

T(a) = Tn v (a)(l) = 7r ¥ ,(a)T(i) 

= ^(,a)(p(T)l) = p(T)a. 

This means T = p(T), a scalar multiple of the identity operator. Hence 
7 t^,(A xi T)' = C and if is a pure state. □ 

Remark 3.8. The key observation B(L 2 (A, v ? ))r07T^(A)' = 7ty(AxT)' 
in the proof is pointed out to us by Sven Raum. 

3.3. Ergodic T-invariant states on A and irreducible represen¬ 
tations of A xi T. 

We say a representation 7Ti : A? —x B(Hi) of a C'*-algebra B is unitar- 
ily equivalent to a representation 7T2 : A? —>- B(II 2 ) if there exists a 
surjective isometry U : H\ —> H 2 such that Un\{b)(x) = 7r 2 (6)f/(a:) for 
all & GB and x G Hi. 

Theorem 3.9. A representation 7r : A xi T —>■ B(H) is unitarily 
equivalent to p v : A x T —* B(L 2 (A,p )) for some p G E r (A) iff 7r is 
irreducible and H r 0. 
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Proof. For a p E ^(A), by Theorem 13.21 there exists a ip G P 1 (A x T) 
such that Rpip) = ip. 

Next we show that p v is unitarily equivalent to the GNS representation 
TTp : A x T —» B(L 2 (A x T,^>)) of A x T with respect to ip. Since ip is 
a pure state, this shows p v is irreducible. 

Claim. p :p is unitarily equivalent to tt,/,. 

Proof. Dehne $ : L 2 (A x T, ip) —» L 2 (H, p) by 

»((E/* m *) a ) = E/*+v 

ser ser 

Here /</, = {& G H x T|^(£>*6) = 0} and I v = {a G H|</?(a*a) = 0}. 

Now we check $ is a Hilbert space isomorphism. 

By Lemma [3.31 we have 

<E E gtu ^ = ^(E & m *)*E /*“*)) 

ser ter ter ser 

= ^(X^ u t~ 1 9tfs u s) =i>(Ys 9tfs) 
s,ter s,ter 

= ?((E »)'(E «> = «E /.) A . (E »<) A >- 

ter ser ser ter 

Thus $ is an isometry. The image of $ is dense in L 2 (A, p), so $ is 
also surjective. These prove that $ is an isomorphism between Hilbert 
spaces. 

Next we verify unitary equivalence between irp and p^. 

^E/- u -)(E^) A ) = $ ((X^ fs u s9tu t ) A ) 

ser ter s,tGr 

= $((X^ fs u s9tU s -iu st ) A ) = fsas(gt)) A ■ 
s,ter s,tGr 

On the other hand, 

mE^ Ms ) $ E^) a ) = *vE/« u *)(E&) A ) 

ser ter sGr ter 

= (XI fs a s(9t)) A - 

s,te r 

So 7 T^(b)(x) = < h _1 p ¥ ,(6) < h(a:) for all b G A x T and x G L 2 (A x T,ip). 
Hence 7r^ and p v are unitarily equivalent. □ 
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Note that 0 7 ^ i G L 2 (A,p) and p ¥ j(u s )(l) = i for all s 6 T. Hence 
L\A,p) r ^0. 

Conversely given an irreducible representation 7 r : A x T —> B(H) with 
H-p 7 ^ 0, take a unit vector x G Hr and define a state ip on A x T by 

ip(b) = (n(b)x,x) 

for all b G A x T. Since 7 r is irreducible, the state ip is a pure state 
and the GNS representation of A x T with respect to ip , 7iy, is unitarily 
equivalent to 7r Theorem 1.9.8] [i, 2.4.6]. Also x G Hr implies that 
ip(u s ) = 1 for all s G T. So ip = iP\a G E r (A). By the previous claim 
7 is unitarily equivalent to p ; ~. This finishes the proof. □ 

Now we consider the case when A is commutative. 

Theorem 3.10. For any irreducible representation 7 r : C(X) x T — y 
B(H), we have dim Hr < 1. If Hr 7 ^ 0, then there exists a unique 
ergodic T-invariant state tp on C(X) (or a unique regular Borel proba¬ 
bility measure on X) such that 7 r is unitarily equivalent to p^. 

Proof. Suppose H r 7 ^ 0 for an irreducible representation n : C(X) X 

r ->■ B(H). 

Take unit vectors x, y G Hr- Define a state ip on A x T by 

ip{b) = (Ti(b)x, x ) 

for all b G C(X) x T. Then <p = ip\c(x) gives an ergodic T-invariant 
probability measure p, on X with <p(f) = J x f dp for all / G C(X). 
Also the GNS representation of C(X) x T with respect to ip, is 
unitarily equivalent to p v : C(X) x T — y B(L 2 (A, p)). Note that 
L 2 (A,p) = L 2 (X,p) and L 2 (A,p)r consists of T-invariant functions 
in L 2 (X,p), which are always constant functions [§1, Chapter3, 3.10.]. 
Under surjective isometries H = L 2 (A x F,ip) = L 2 (X,p), both x 
and y are mapped to T-invariant functions in L 2 (X,p). Since p is 
ergodic, their images in L 2 (X,p) are both constant functions. Hence 
there exists a constant A with absolute value 1 such that x = A y. This 
shows that dim Hy = 1. 

For the second part, the existence of ip follows from Theorem 13.91 

To prove the uniqueness of p, we show the following. 

Claim. If p v ~ p^ for p,ip G /Sj^C^X)), then ip — ip. 
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Proof. Let 0 : L 2 (A, cp) —> L 2 (A, -0) be an isomorphism. It is easy 
to see that 0 preserves T-invariant vectors, i.e., 0 : L 2 (A,ip) r — > 
L 2 (t4, is also an isomorphism. Hence 0(1) = AI for some com¬ 
plex number A with |A| = 1. 

By definition of we have <p(/) = (p ¥ ,(/)i,i) for all / G C(X). It 
follows that 

W) = (pM) l i) = i) = (pM) Ai, Ai) = <p(/) 

for all / G C'(X). □ 

Hence (p is uniquely determined by the unitary equivalence class of 
7r. □ 

Remark 3.11. (1) Theorem 13.91 and Theorem 13.101 sav that clas¬ 

sification of ergodic T-invariant regular Borel probability mea¬ 
sures on a compact Hausdorff space X amounts to classification 
of equivalence classes of irreducible representations of C(X) x T 
whose restriction to T contains trivial representation. 

(2) When A is non-commutative, Theorem 13.101 fails. For instance, 
one can take a noncommutative C*-algebra A and a discrete 
group T acting on A trivially. An irreducible representation 
7T : A —y B(H ) with dim H > 1 and the trivial representation 
T —> B(H) give rise to an irreducible representation of p : 
A x T —> B(H). But H = Hr is not of dimension 1. 

There is an immediate application of Theorem 13.101 to representation 
theory of semidirect product groups. 

Corollary 3.12. Suppose a discrete group T acts on a discrete abelian 
group G by group automorphisms. Every irreducible unitary represen¬ 
tation 7r : GxT —>• B(H ) of the semidirect product group GxT satisfies 
that dim Hr < 1. When dim Hr = 1, the representation 7r is induced 
by an ergodic T-invariant regular Borel probability measure p on the 
Pontryagin dual G of G. 


Proof. Note that T acts on group C*-algebra C*(G) as automorphisms, 
C*(G) = C(G) for the dual group G of G and C*(G) x T = G*(G x T). 
There exists a 1-1 correspondence between irreducible unitary repre¬ 
sentations of G x T and irreducible representations of C*(G x T). Apply 
Theorem 13. 101 to the case C(X) = C(G). □ 
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4. Furstenberg’s Xp, xq PROBLEM via representation 

THEORY 


Let S,T : X — » X be two commuting continuous maps on a compact 
Hausdorff space X. A Borel probability measure p on X is called S,T- 
invariant if pfS^A) = p(T~ 1 A ) = fi{A) for every Borel subset A of 
X. An S, T-invariant measure p is called ergodic if every Borel set E 
with S~ 1 E = E = T~ 1 E satisfies that p(E) = 0 or 1. 

Dehne maps T p , T q : T —> T as T p (z ) = z p and T q (z) = z q for all 

A Borel probability measure p on T is called xp, xg-invariant if it 
is T p , Xq-invariant. A Borel set E C T is called xp, xq- invariant if 
A = T p A = T q A. 

We can dehne xp, xq maps T p ,T q on Z[±\ by T p (g) = pg,T q (g) = qg 
for every g G Z[A], Note that T p and T q are group automorphisms. 
Hence they induces group automorphisms on the dual group S pq of 
Z[A], For convenience we also call them xp, xq maps on S pq . 

Denote the set of xp, xq- invariant measures on unit circle by M p ^(Y), 
the set of ergodic xp, x (/-invariant measures on unit circle by EM p>q ( T), 
the set of xp, x (/-invariant measures on S pq by M Ptq (S pq ), the set of er¬ 
godic xp, xg-invariant measures on S pq by EM Ptq (S pq ). 

4.1. xp, xg-invariant measures onpg-solenoid and xp, xg-invariant 
measures on the unit circle. 

The following result is well-known for experts. For completeness we 
give a proof here. 

Proposition 4.1. When equipped with weak-* topologies, the re¬ 
striction map R : M Ptq (S pq ) —> M Piq (Y ) defined by R(p)(f) = p(f) for 
p G M P)q (S pq ) and / G (7(1) is a homeomorphism. Also R restricts a 
homeomorphism from EM pq (S pq ) to EM p>q (T). 

Proof. Take p G M pq (S pq ). Since C'(T) is a C*-subalgebra of C(S pq ), 
the restriction R(p) of p on C(T) belongs to M P}q (T ) and R is also 
continuous under the weak-* topology. 

Conversely, assume that p G M Piq {T). Note that the group algebra 
CZ([—]) is a dense *-subalgebra of C{S pq ) and dehne v(z kpmqn ) = p(z k ) 
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for n,m,k G Z. By Bochner’s Theorem 15, 1.4.3] v is a Borel proba¬ 
bility measure on S pq iff {v(z k )} keIi ^ is a positive definite sequence. 


For any finite subset F of Z[^], there exist positive integers k,l such 
that F' = p k q l F = {p k q l s\s G F} is a finite subset of Z. Then we have 


U(5>- z ')'(E A < z ‘)) = Z ^Az 1 -) 

sgf teF s,teF 

= v V* 5 -* z ‘)'(E > 0. 

s,teF sgF' teF 1 


Furthermore the xp, xq- invariance of u follows from the definition. 
This shows that v is in M Ptq (S pq ). Moreover p(z k ) = v(z k ) for all 
fc G Z by the xp, xq- invariance of /i, hence p is the restriction of v on 
C'(T), and this proves the subjectivity of R. 

On the other hand, if R(pi) = R(p 2 ) f° r Hi, Hi G M pq (S pq ), then 
Pi(z k ) = P 2 (z k ) for all k G Z. Since pi and /i 2 are xp, xq- invariant, 
we have /x 1 (z kpm ' qn ) = p 2 (z kpmqn ) for all n,m,k G Z. This proves the 
injectivity of R. 

So R is a bijective continuous map between two compact Hausdorff 
spaces M pq (S pq ) and M p>q ( T), this implies that R is a homeomorphism. 

Furthermore R is a homeomorphism from EM p>q (S pq ) to FJM Pi 9 (T) 
since R is affine. □ 

Theorem 4.2. A representation it : C{S pq ) xi Z 2 —* B(H) is induced 
by a finitely supported ergodic xp, xq- invariant measure p on T if and 

only if 

(1) 7T is irreducible; 

( 2 ) H z 2 7 ^ 0 ; 

(3) There exists nonzero N G Z C Z[A] such that n(z N )x = x for 
every x G H% 2 . 

Proof. Suppose that 7r : C(S pq ) x Z 2 — * B(H) is induced by a finitely 
supported ergodic xp, x g-invariant measure p on T. 

Since both xp and xq maps have zero entropy with respect to p, there 
is a representation ir p : C(S pq ) xZ 2 g B(L 2 (T, p)) induced by p (see 
Introduction for the definition of 7r M ). 
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By Proposition 14.11 v = i?~ 1 (/i) is an ergodic xp, xq -invariant measure 
on S pq . Hence the representation p u of C(S pq ) x Z 2 on L 2 (S pq ,v) is 
irreducible. 

Note that L 2 ( T, p) is a subspace of L 2 (S pq , v) since p is the restriction 
of v from C(S pq ) onto C'('IT). Also L 2 (T,p ) is a nonzero invariant 
subspace of L 2 (S pq ,is ) under p v . Hence L 2 (T, p) = L 2 (S pq ,u). Hence 
7 r M is unitarily equivalent to p v . So tt is irreducible and 2 7 ^ 0. 

Moreover p is finitely supported in a subset of c IP> 1) (here we 

identify T with [0,1)). Hence p(z N ) = 1 which implies that 7i(z N )x = x 
for every x G H Z 2 . 

Conversely assume that 7 r is an irreducible representation satisfying 
that Hj 2 7 ^ 0 and ir(z N )x = x for a nonzero JVgZ and every x G Hj 2 . 

Claim. H is finite dimensional. 


Proof. Take a unit y G H Z 2 . Then Span 7 r(Z \-^])y is an invariant sub¬ 
space of H under 7 r. Since it is irreducible, we have 

H = Span(7r(Z[— ])y)- 
pq 

So it suffices to prove Span( 7 r(Z[A])y) is finite dimensional. 

Firstly we prove that ir{z M )y = y for a positive integer M coprime to 
pq. 

Without loss of generality we can assume N > 0. There exist nonneg¬ 
ative integers i,j, K, M such that KN = with M coprime to pq. 

Then 7T(z Mplg:> )y = n(z KN )y = y. 

Note that Z 2 acts on Z[A] by xp, xq, that is, ( m,n ) • z k = z kpmqn for 
all m,nGZ and every k G Z[A], Since y is in H Z 2 , 

we have tt((i, j))n(z M )y = ir(z Mplq:> )iT((i, j))y = it( z Mplq3 )y = y, which 
implies 7 r(z M )y = y. 

Secondly we prove that 7 r(Z [^])y = Tr(fL)y. 

For all nonnegative integers i,j, there exists an integer l such that 
lp l qi = rM + 1 since M is coprime to pq. Hence for every positive 
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integer k, we have 

k k(lpiqi —rM) —krM 

ir^zp 1 ^ )y = n(z p ’« J )y = n(z~‘ l )n(z p 1 * 3 )y 

(vr (z M )y = y and y e H z 2 ) 

= <z kl )y. 

This shows that n (Z[A])y C 7 r(Z)?/. 

Lastly we prove that Span( 7 r(Z)y) is finite dimensional. 

Every k G Z can be written as k = IN+r for some l G Z and 0 < r < iV. 
Hence n(z k )y = n(z lN+r )y = Tr(z r )y. This implies that 

n(Z)y C Span{7r(2;*)y} l J Io 1 . 

So dim H < N. We finish proof of the claim. □ 

Define a state 0 on C(S pq ) x Z 2 by -0(b) = (7i(b)y, y) for every b G 
C(Sp q ) x Z 2 . We have 0 G -P 1 (C'(S' P9 ) x Z 2 ) since 7 r is irreducible 
and y G Lfe. By Theorem 13.21 zz = i?(0) = 0|c(S pg ) is an ergodic 
xp, x(/-invariant measure on S pq . 

By Theorem 13.91 and Theorem 13.101 we have 7 r ~ p v . Of course H — 
L 2 (S pq , v). From the claim, L 2 (S pq , v) is finite dimensional. 

Hence v is finitely supported in S pq . Let y = R{y) = v\c(s pq )- As 
before, p u is unitarily equivalent to Hence L 2 {T,y) ~ L 2 (S pq ,v) 
is finite dimensional. Hence y is a finitely supported ergodic xp, xq- 
invariant measure on T and ti ~ n p . □ 

Consequently we have the following. 

Corollary 4.3. Furstenberg’s conjecture is true iff there is a unique 
irreducible unitary representation U : Z[A] xi Z 2 —>■ B(H) such that 

Hi 2 0 0 and tt( z k )x 0 x for every nonzero integer k and nonzero 
x G H 12 . 
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